Spacetime variation of a and the CMB power spectra after the recombination 
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The possible variation of the fine structure constant may be due to the non-minimal coupling 
of the electromagnetic field to a light scalar field which can be the candidate of dark energy. Its 
dynamical nature renders the fine structure constant varies with time as well as space. In this 
paper we study the effects of these variations on the power spectra of the temperature and the 

- - - polarization of the cosmic microwave background after the recombination. We show explicitly that 

the fluctuations of the coupled scalar field generate new temperature anisotropies at the linear order 

^■et ■ and induce a B mode to the polarization at higher order in general. 
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I. INTRODUCTION 



. There is a long history to study the possible variations of fundamental constants Simply these variations can 
\^ be modeled as a light scalar field non-minimally coupled to the matter fields. The claimed evidence [2| for a smaller 
fine structure constant a at the redshift of z ^ 3 from quasar observations stimulated many interests in investigating 
different theories of varying a 0]. On the other hand, the discovery of the accelerating expansion of the universe 
requires in general relativity the existence of dark energy which, if dynamical, is extensively modeled as an ultra-light 
I ' scalar field. Hence it is natural to ask whether the variation of the fine structure constant is induced by the non- 
O minimal coupling of dark energy to the electromagnetic field. This connection provides another way to probe the dark 
-^-^ . energy in the Universe. 

^ ' The variation of fine structure constant has effects on the cosmic microwave background radiation (CMB). As 
I— I, discussed in Refs. P, @|, the change in a will change the history of recombination and the position of the first Doppler 
peak of the CMB spectrum and is constrained by the observational data [1, 0, B [1] ■ If the variation of a in time 
" is brought by the coupling of a light cosmic field cf), there should be spatial variation of a because of the dynamical 

^ I ' nature of 0. The effects of spatial fluctuations of a on CMB are firstly studied in Ref. [l^l by considering the implicit 
\^ \ dependence of CMB temperature and polarization fields on a due to the recombination history. At different places, 
. the recombination processes are different. The authors showed that these spatial fiuctuations induce a B mode to the 
T-H ' polarization and non-Gaussian temperature and polarization correlations. In this paper, we study this problem again 
: focusing on the later time evolution after the recombination. For simplicity we will not consider the reionization and 
other scattering effects. We show explicitly the modifications to the power spectra without focusing on a specific model 
of the coupled scalar field 4>. As we will point out, the spatial fiuctuations of (p generate new temperature anisotropies 
■ at the linear order. This is similar to the Sachs- Wolf effect caused by the inhomogeneities of the gravitational field 
\ because the coupling of cj) induce an extra long range force between photons. So, photons from different positions on 
the last scattering surface to us will lose or get different extra energies. Furthermore, these fiuctuations will induce a 
B mode to the polarization at higher order except in a specific case. 

This paper is organized as follows. In Section II, we will discuss the transportation of CMB photons after the 
recombination based on the method of geometric optics approximation. This method had been used in Ref. [Tlj 
and more systematically in [12j to analyze the rotation of polarization when the photon coupled to an external field 
anomalously [H, [13]; In Section III, we derive the modified power spectra. We calculate the temperature spectrum 
at the linear order and the polarization spectra at higher order; Section IV is the conclusion. 

II. THE TRANSPORTATION OF CMB PHOTON AFTER RECOMBINATION 

As mentioned above, the varying a theory maybe modeled as the electromagnetic field non-minimally coupled to a 
scalar field which may or may not be the dark energy. The Lagrangian for this modified electromagnetic theory can 
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be written as, 

L = !{<li)F^,F^- . (1) 

Where /(</>) is a dimensionless function of 0. Without the induced couphng, it is normahzed as —1/4. The fine 
structure constant is a = —ao/Af with aQ ^ 1/137 being the fine structure constant at present time. The difference 
of a at the redshift z from today is 

Sa _ - ctQ _ 1 + 4/^ ^^-j 

and /o should be equal to —1/4. With the Lagrangian ([T]) we obtain the equation of motion, 

V^F'^'^ = -V^ln/F'''' . (3) 

In addition we have the identity: 

V^i^p, + VpF,^, + Va-Fpp = . (4) 

The transportation equations of CMB photons can be obtained in terms of the geometric optics approximation (GOA) 
which has been used to study the CPT violating effects of the anomaly coupling of photons [il|,[l4|. Similar to the 
analysis in Ref. [l^] , we first differentiate Eq. (|4]) to get a second order differential equation for 

OFp„ + Vp(V^ \nfFp„) - V,(V^ In/Fpp) - - ni?„p - F^"i?„^p,] = , (5) 

where Racr and Rafipa are Ricci and Riemann tensors respectively and will be neglected in GOA in the following 
discussions. Then we make the ansatz 

F"" = (a^'' + eb"" + e^c"" + ...)e'^/' , (6) 

where e is a small real parameter and S" is a real function. We define the wave vector as 

kp = Vp5 , (7) 

which represents the travel direction of the photon. Substituting the ansatz ([6]) into Eqs. ([5]) and (|4]) we have the 
equations expanded by e 

2i i 1 

□(apa + ebp„ + ...) + — fc^Vp(ap^ + ebp^ + ...) + -(Vpfc^)(ap„ + ebp„ + ...) - — fcp/c^(ap^ + ebp^ + ...) 

= -[(VpV^' ln/)(ap, + ebp, + ...) + ln/(Vpap, + eVpfop, + ...) + ln/(ap, + e6p, + ...)] + [p ^ a] (8) 

and 

[Vp(apcr + ebpa + ...) + -kp,{ap^ + ebp„ + ...)] + [pcr^] + [cr^p] = . (9) 
At the leading order of the GOA, Eq. ([9]) gives 

kpClpcr ~t~ kpdfjp -\- kfjClfj^p (10) 

which implies that Op^ should have the following antisymmetric form: 

^pcr = kpUfy k^Gp . (11) 

Then we collect the terms of Eq. ^ at the orders of 1/e^ and 1/e, respectively. At the order of 1/e^, we have 

fcp/fc^ = . (12) 

This means the dispersion relation is unchanged at the most leading order of GOA. The propagation equation of k^ 
can be obtained via differentiating the above equation again: 

= V^(/cp/c^) = 2V^S'V^VpS' = 2V^S'VpV^S' = 2k''\7pk^ . (13) 
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This indicates k^^ is parallelly transported along the hght curve, the null geodesic. The vector fc^ defines an affine 
parameter A which measures the distance along the light ray: 

The transportation equations for the vector a'^ are obtained at the order of 1/e: 

Pa"' + ^(61 + 1? In /)a'' =0 , (15) 

where we have considered Eq. (fTT|) and defined the operator T) = fc^V^^ — d/dX. The quantity 9 = V^fc'^ describes 
the expansion of the bundle of the light. In addition, by applying the GO A to Eq. we have 

/c^a^ = . (16) 

The basic results we got above are Eqs. and (jlSp with two orthogonality relations (fT2|) and (fT6|) . 

It is convenient to use the Stokes parameters to study the polarization of radiation. The four Stokes parameters 
are well defined in the local inertial frame (Lorentz frame). Considering a monochromatic electromagnetic wave of 
frequency ujq propagating in the +z direction, the Stokes parameters are defined as the following time averages 

/ EE (E^E*) + (EyE;) , 

Q EE {E,E*) - (EyE;) , 

U EE (E^E;) + {ElEy) , 

V EE i[{E^El) - {E^Ey)]. (17) 

We can use the tetrad formalism to get these parameters in the coordinate frame. A tetrad is a set of four orthogonal 
unit basis vectors e'^^^-j, with a = 0, 1, 2, 3. The Latin indices are lowered and raised by the Minkowski metric 77"^, the 
Greek indices, however, by the coordinate metric g'^'^ . The tetrad has the following properties: 

g^'^^'iaAb) = Vab , V'-'e'-^af^,) = 9^" ■ (18) 

As discussed in [l3|, if we require the observer at rest with the local inertial frame at each point to see the light 
traveling along the +z direction, the zeroth and the third components of the tetrad vectors should be 

e%=7.^, e^(3) = i(fc^-c.7.^) , (19) 

where u^^ is the four- velocity of the observer and uj = k^u^ is the frequency measured by him (or her). The other 
tetrad vectors e^^-^j and e.^(^2) ^'^^ undetermined, but they should be unit spacelike, orthogonal to each other and to 
' ^''(3) ' ^^"^ therefore orthogonal to fc'^ . 
The electric vector in general spacetime for the local observer is 

At the leading order of the GOA, it is 

E^" = a^'^u^e'^/' = (fc^a" - fc''a^)w^e*^/' . (21) 
Transforming it to the local inertial frame, we get the x and y components of the electric field in this frame easily: 

E^ = Ei= E^e\^^ , Ey = E2 = E^e\^^ . (22) 
With above equations and Eqs. (fT7|) . we have the expressions of the Stokes parameters in the coordinate frame 

MM- 

I = uj L^^(e'^j^)e +6^(2)6 (2)) 
Q ~ u;'^L^i,(e'^^^^e''(j) — e^|.2^e''(2)) 

U = w2L^^(e''(^) 6^(2) +6^(2^ 6^(1)) 

V = iw2L^^(e^(^je''(2) -e^(2)e''(i)) , (23) 
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where L^^ =< a^a* > satisfies the following equation making use of Eq. p^ : 

VL^, + ie + V\nf)L^, = . (24) 

We require the tetrad frames to be not physically rotating. In order to do that, we set the tetrad vectors at each point 
so that and e^^2) ^-re parallelly transported along the light curve. So it is straightforward to get the propagation 
equations of the four parameters along the light curve: 

VFa + {0 + V\nf)Fa = O , (25) 

where Fa = Sa/uj^ = {I, Q, U, V)/uj'^. Hence the observed Stokes parameters today should be 

S^aO = -^^frSar exp( / " 9dX) . (26) 

In above r means the moment when the recombination is finished and we have used /o = —1/4. From above equation 
we can see that the effect of the coupling in ([1]) on CMB at later time after the recombination is just indicated by the 
"dilation" factor fr- To disentangle this later time effect, we rewrite Eq. (l27t as 

= 9rSa = -^frSa , (27) 

where Sa represent the should be Stokes parameters observed today without later time variation of g. But it includes 
the effect from the modified recombination history. This is the basic result obtained in this section. The Stokes V 
cannot be generated by Thomson scattering and can be neglected. Because gr is a function of the scalar field (p at the 
last scattering surface, it has different values at different positions. So, it can be decomposed as 5r = 3r + ^3r- The 
background part gr differs from 1 because of the time variation. It changes the redshift of the recombination slightly. 
In the next section we will consider the effects of spatial fluctuation 6gr on CMB power spectra. 



III. CMB POWER SPECTRA 



In the spatially flat Universe, we can expand the tem per ature and polarization anisotropics in terms of appropriate 
spin- weighted spherical harmonic functions on the sky [17] : 



e(n) ^ ^ae,imVim(«-) 
{Q±iU){n) = ^a±2,i™ ±2yim(n) . (28) 

Im 

Where 8(n) = AT{n)/T. The expressions for the expansion coefficients are 

ae,im = j dnYi*^{h)Q{h) 

a±2,im ^ J dn±2Yi:jn){Q±iU){fi) . (29) 
Instead of a2^irn and a_2,im, it is convenient to introduce their linear combinations 

aE,l7n — ~{a2,lm +a_2,im)/2 

as,im = «(a2,im - a-2Jm)/2. (30) 

The power spectra are defined as 

{^*X' Mm'O'XJm) = ^Sl'lSm'm (31) 

with the assumption of statistical isotropy. In the equation above, X' and X denote the temperature & and the 
E and B modes of the polarization field, respectively. For Gaussian theories, the statistical properties of the CMB 
temperature/polarization map are specified fully by these spectra. Without parity violation, Cf = C^^ = 0. 
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Consider the modification in Eq. ((27| . the power spectra would be changed. The temperature fluctuations are 
changed as 

eo''« = i^ + (i + ^)e . (32) 
4 gr gr 

This means the temperature fluctuations receive a linear order modification. This is similar to Sachs- Wolf effect of 
the gravitational field on CMB. The coupling of (/) to photons induce an extra long range force. The photons from 
different positions on the last scattering surface to us will lose or get different extra energies due to the inhomogeneous 
distribution of cj) on that surface. To evaluate the corrections, we expand gr by 5(j)r to quadratical order, 

5^(0) = gr + Ai5(j)r + A254>1 . (33) 

We assume 5(j)r is a Gaussian random field, so it can be also described by a power spectrum. Expand it on the sky 

<50r = V6;ml;m(n) , (34) 



Im 



and define its angular power spectrum as 



{K'm'^lm) = CfSl'lSm'm , (35) 



where we have assumed statistical isotropy of 5/,„. Furthermore, we have 

^(2; + l)Cf = 4vr(<502) . (36) 
I 

In general, 5(f>r has correlations with O and E. In this paper, we will not consider this complication by assuming S(j) 
has different origin from that of density perturbation of the photon. With this assumption the modified temperature 
power spectrum would be 

where we have neglected higher order corrections. 

The polarizations of CMB are already at the perturbative level. They don't have background parts, so, 

{Q±iUr'' =gr{l + ^){Q±iU) . (38) 

gr 

The modifications can only appear at higher orders. The calculations of the polarization spectra and the cross 
spectrum of temperature and polarization are long. Similar calculations can be found in Ref. [T^ for the modified 
spectra by anomaly coupling. Here we only present the results up to the second order in the following 

EE,obs _ ,-2 I o- A /xa2\\/^EE 



hi 

C^'""^ = {-g^. + 2-grA2{S<Pl))Cp 
A2 s—^ ( I li I2 ^ 



8^ ^ V 2 -2 

hi; 



(39) 



Where L = I + h + h and f ^ ] is the Wigner 3] symbol. From these equations, we can see that the 

\ m nil W2 / o J J 

fiuctuation of (jj induce a mixing between E and B modes. Even though the original B mode generated by primordial 

gravitational wave from inflation is negligibly small, it can still be produced from the E mode and with odd L. 

However, there is an important special case. We note that the generated B mode is proportional to A2 up to the 

quadratical order. If g{(j)) is a linear function of 0, for instance g ~ a + b(j), A2 and all other higher Taylor coefficients 

vanish. In this case, there is no mixing between the E and B modes and the B mode cannot be generated by the 

conversion. This case corresponds to the Lagrangian of the following form: 

C^-^F.^F'^-^ + ^^F.^F^'^ . (40) 
Of course, if (50 has correlation with the E mode, the B mode still has the chance to get produced. 
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IV. CONCLUSION 



The time variation of the fine structure constant may be due to the non-minimal coupling of the electromagnetic 
field to a light scalar field. This will induce the spatial variations of a because of the dynamical nature of the 
scalar field. In this paper, we studied the effects of these spacetime variations on the CMB power spectra after the 
recombination. The time variation changes the redshift of the last scattering surface and the amplitude of the power 
spectra slightly. The spatial variations induced extra anisotropics to the CMB temperature fluctuations at the linear 
order like Sachs- Wolf effect. The effects on polarizations emerged at higher orders. Except a special case, spatial 
variations of a will induce a B mode to the polarization. 

V. ACKNOWLEDGEMENT 

This work is supported in part by National Science Foundation of China under Grants No. 10575050 and No. 
10775069. 



[1] P. Jordan, Naturwiss. 25, 513 (1937); P. Jordan, Z. f. Physik 113, 660 (1939); R. H. Dicke, Science 129, 621 (1959); J. D. 
Bekenstein, Phys. Rev. D 25, 1527 (1982). 

[2] J. K. Webb et al, Phys. Rev. Lett. 87, 091301 (2001) |arXiv:astro-ph/0012539); J. K. Webb, M. T. Murphy V. V. Flam- 
baum and S. J. Curran, Astrophys. Space Sci. 283, 565 (2003) arXiv:astro-ph/0210531 . 

[3] H. B. Sandvik, J. D. Barrow and J. Magueijo, Phys. Rev. Lett. 88, 031302 (2002) arXiv:astr o-ph/0107512 ' ; G. Huey, 
S. Alexander and L. Pogosian, Phys. Rev. D 65, 083001 (2002) arXiv:astro-ph/01 10562 ; T. Ch iba and KTlt ohri, Prog. 
Theor. Phys. 107, 631 (2002) larXiv:hep-ph/0111086 ; C. Wetterich, JCAP 0310, 002 (2003) 'arXiv:hep-ph/0203266; ; 
Z. Chacko, C. Grojean and M. Perelstein, Phys. Lett. B 565, 169 (2003) arXiv:hep-ph/0204142 ; J. D. Barrow, 
J. Magueijo and H. B. Sandvik, Phys. Lett. B 541, 201 (2002) arXiv:astro-ph/0204357 ; V. A. Kostelecky, R. Lehn- 
ert and M. J. Perry, Phys. Rev. D 68, 123511 (2003) arXiv:astro-ph/0212003 ; C. Wetterich, Phys. Lett. B 561, 10 
(2003) arXiv:hep-ph/0301261 ; C. L. Gardner, Phys. Rev. D 68, 043513 (2003) arXiv:astro-ph/0305080 ; L. Anchordo- 
qui and H. Goldberg, Phys. Rev. D 68, 083513 ( 2003) arXiv:hep -ph/0306084 ; P. Gu, X. Wang and X. Zhang, Phys. 
Rev. D 68, 087301 (2003) arXiv:h ep-ph /0307148| ; D. Parkinson, B. A. Bassett and J. D. Barrow, Phys. Lett. B 578, 
235 (2004) arXiv:astro-ph/0307227 ; E. J. Copeland, N. J. Nunes and M. Pospelov, Phys. Rev. D 69, 023501 (2004) 
rarXiv:hep-ph/0307299 ; D. Kimberly and J. Magueijo, Phys. Lett. B 584, 8 (2004) arXiv:hep-ph/0310030 ; O. Berto- 
lami, R. Lehnert, R. Potting and A. Ribeiro, Phys. Rev. D 69, 083513 (2004) arXiv:astro-ph/0310344 ; P. P. Avelino, 
C. J. A. Martins and J. C. R. Oliveira, Phys. Rev. D 70, 083506 (2004) arXiv:astro-ph/0402379 ; S. Lee, K. A. Olive 
and M. Pospelov, Phys. Rev. D 70, 083503 (2004) arXiv:astro-ph/0406039 ; M. R. Garousi, M. Sami and S. Tsu- 
jikawa, Phys. Rev. D 71, 083005 (2005) arXiv:hep-th/0412002 ; P. Brax and J. Martin, Phys. Rev. D 75, 083507 (2007) 
pirXiv:hep-th/0605228 ; P. P. Avelino, C'. jrA. Martins, N. J. Nunes and K. A. Olive, Phys. Rev. D 74, 083508 (2006) 
arXiv:astro-ph/0605690 ; J. D. Barrow and B. Li, Phys. Rev. D 78, 083536 (2008) |arXiv:0808.1580 [gr-qc]]. 

[4] S. Hannestad, Phys. Rev. D 60, 023515 (1999) arXiv:astro-ph/9810102 . 

[5] M. Kaplinghat, R. J. Scherrer and M. S. Turner, Phys. Rev. D 60, 023516 (1999) arXiv:astro-ph/9810133 . 

[6] P. P. Avelino, C. J. A. Martins, G. Rocha and P. T. P. Viana, Phys. Rev. D 6 2, 123508 (2000) arXiv:astro-ph/0008446| . 

[7] P. P. Avelino et al, Phys. Rev. D 64, 103505 (2001) [arXiv:astro-iph/0102144] . 

[8] G. Rocha, R. Trotta , C. J. A. Martins, A. Melchiorri, P. P. Avelino, R. Bean and P. T. P. Viana, Mon. Not. Roy. Astron. 
Soc. 352, 20 (2004) larXiv:astro-ph/0309211 . 

[9] K. Ichikawa, T. Kanzaki and M. Kawasaki, Phys. Rev. D 74, 023515 (2006) arXiv:astro-ph/0602577 . 
[10] K. Sigurdson, A. Kurylov and M. Kamionkowski, Phys. Rev. D 68, 103509 (2003) arXiv: astro-ph/0306372, . 
[11] M. Li, J. Q. Xia, H. Li and X. Zhang, Phys. Lett. B 651, 357 (2007) arXiv:hep-ph/06 11l92' 
[12] M. Li and X. Zhang, Phys. Rev. D 78, 103516 (2008) arXiv:0810.0403 [astro-ph]] 



[13] B. Feng, H. Li, M. z. Li and X. m. Zhang, Phys. Lett. B 620, 27 (2005) arXiv:hep ^h/0406269]. 

[14] B. Feng, M. Li, J. Q. Xia, X. Chen and X. Zhang, Phys. Rev. Lett. 96, 221302 (2006) ! arXiv:astro-ph/0601095 
[15] A. M. Anile and R. A. Breuer, Astrophys. J., 189, 39 (1974). 
[16] S. Kopeikin and P. Korobkov, arXiv:gr-qc/0510084 

[17] M. Zaldarriaga and U. Seljak, Phys. Rev. D 55, 1830 (1997) [arXiv:astro-ph/9609170l . 



